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When do we have a subsystem structure ?

Typical quantum information setting :

Alice S Bob
E

HA Hi

Examples :
↑

C

Triangle network : * *
H+ HBQHc

&

· Quantum cryptography A * B

· Quantum networks

· Quantum computing Quantum computer :
U ..



When do we have a subsystem structure ?

Typical quantum information setting :

Alice Bob HeCHA Hi

BUT : The structure of the Hilbert space is not testable

I) Ha Hi Assumption 2

2 Quantum gravityIs this justified ?



When do we have a subsystem structure ?
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have this ? S 1 1
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Alice Bob



When do we have a subsystem structure ?

Starting point : A B
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Make the question more precise



Makethe question more precise :

A B

1 1

Il Model Alice and Bob's=
1 actions as CPTP maps
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T
- J

Alice Bob



Makethe question more precise : FACTORISATION
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I Il I Il J map



Makethe question more precise :

Minimal requirement for factorisation to be possible :

The order in which Alice and Bob perform their actions should not matter.
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Alice Bob



Makethe question more precise :
COMMUTATION
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Question:
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2
COMMUTATION & FACTORISATION



What we already know : The classical case



Whatwe know : Tsirelson's problem
I
,
J
,
A
,
B

classical
Alice Bob

17

is

Xia , Yj
,
b independent projective measurements

For any i : Exiaba s
.

t . Xia = ide

For anyj : SYibly St. & Yib = ide

Possible correlations ?



Whatwe know : Tsirelson's problem
I
,
J
,
A
,
B

classical
Alice Il Bob

L 7
-S

Xi
,
aHis Yis

commutation

1) pla ,
bli

, j) = tr(gXi , a · Yjb) with [Xia , Yib] = 0

factorisation

2) plabli , j) = tolg Xi
,
a Yb) with Kia (B(IA)

2 be (IB)
Question : 1) = 2)

(Tsirelson (



Whatwe know : Tsirelson's problem
I
,
J
,
A
,
B

Map representation : classical

(Translation to geneal setting with CPTP maps)

A I

↑
- Elaxala Xi,a See Xi,

-

X projective *
measurement

↑
-

I I lixil Sy



Whatwe know : Tsirelson's problem
I
,
J
,
A
,
B

Map representation : classical

(Translation to geneal setting with CPTP maps)

↑ E Elaxala XiaSXi * I Elbxbl Yib Se Yii
-

-

X Projectiveent * projective YY measurement

↑ ↑
I I

lixil Sy J I
Ijxj) Se



Whatwe know : Tsirelson's problem

COMMUTATION Xo Y = YoX X(lixil * Se) = Elaxal XiaSeXi,

& (lixik & Sal = ElbxblaYib Su Yii



Whatwe know : Tsirelson's problem

COMMUTATION [Xia
, Yib] = 0 Fij , ab

FactorisATION lixil QliXi Q Sy

H & laxal@ 1bxb) . tryx" (Xia * YibD(9x))
9, b

8 : I -> I'll" CPTP map < isometry on a larger system V : -I'll "R

tr (Xia* YbD(Spe) = tr(Xiao Ybeide VSpVt
= tr (V

+
Xi
, a
* Yi VSze)

factorisation
= tr(Xi

, a Yib Seel

E Xi
, aYib = V

+
(Xi

,a Yis) V Tsivelson's problem



Whatwe know : Tsirelson's problem
I
,
J
,
A
,
B

A B A B A B A B classicalM
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M

-H
M M
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I Y projective * projective I I Y projective se
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s
meas . meas .

x x
M X Y

projective* meas . I
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I

I. 1 1 M 1
= -

uy -meas . meas .
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~
COMMUTATION & FACTORISATION

Tsirelson (2006) : If dim (21) < & then 7 isometry VS.

t.

W

Xiaia id Yi
,
b
Eid Yib



So...

2
COMMUTATION & FACTORISATION

Not so fast !



A

Rboxes
-H

M

-H↑
* · =

I
*

Y

px x

1 M
M 1

A B I Il I Il J
M 1

i . j = a b Can we find commuting maps X,Y
a
,
b uniform

that implement the PR box ?
1 1

I J

M
violate the CHSH inequality with a

maximum value of 4



Rboxes

A B
M 1

i . j = a b

a
,
b uniform

1 - 1

I I]

2) = 2 +3140
.
132



Rboxes
ab = adadij = i . jV ab = bei .job = ij

A B A B
M M M

M 1

A B
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I
(i
, a)

M

M

(j .b)

Ib : = a i. j a : = bi .j

i . j = a b - ...

y =

↑
"

a
,
b uniform

1 - 1 a Eq20 , 13 bEr 20 . 15
1 M

M 1

I + J
I ↓ J I ↓ J

Output : a
, b uniformly random a

, b uniformly random

commutation v



Rboxes

A B
1 1

A B
M 1

M 1

BUT : PR boxes

do not factorise !
i . j = abb = * *

a
,
b uniform - 11 - (Tsirelson bound

1 - 1 1980)

X

I 27 M
CHSHpr = 4

CHSHam2
I H J



What does Tsirelson show ?

COMMUTATION & FACTORISATION

+ 2
I



What does Tsirelson show ?

A 2
- [laxalaXiaSeXi

, a

↑ a

-

> X Projectiveent *

not an ↑
-

arbitrary I I lixil Sy
CPTP map

Update rule : 91) SawXiaS Xi,
Generally : 91 < Sa ~Uia Xia & Xia Mit



What does Tsirelson show ?

COMMUTATION & FACTORISATION

+ projective
measurements/

POUMS

(+ dim I <X)
see (Scholz , Werner 2008]



Fully quantum Tsirelson problem



Fully quantum Tsirelson Problem
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COMMUTATION & FACTORISATION

+ dim Ic

1) 7)

projective measurement ?



Fully quantum Tsirelson Problem

"Projective measurement" ?

A I
- Elaxala Xi , a Se Xi , a

↑ -

X Projectiveent

↑
I I lixil Sy



Fully quantum Tsirelson Problem

"Projective measurement" ?

~ id
~ id

A I
-

- & Xi , a See Xi , a
↑ - Vid

X projective
measurement

↑
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~ id

~ ich



Fully quantum Tsirelson Problem

I
,
J
,
A
,
B

Unitality condition : quantum

vid
↑

=
X

↑
-

~ id ~ ich

similar to classical case :

forces the maps to "behave" Update rule : 91) SawXiaS Xi,
Generally : 91 < Sa ~Uia Xia & Xia Mit



Fully quantum Tsirelson Problem

Unitality condition :
How do PR boxes

~ id
- fail this ?

↑

=
X

↑
~ id ~ ich



Fully quantum Tsirelson Problem

Unitality condition :

I
-

(i
,
a)

↑

= or (j , b)
- Pr[k =1] = 0

cannot be
u= 1 : a[490, 13 ,

h = (i , a)
PR box :

u = (,b) : a = boij , k = (j , b) uniform

↑
-

itI ne z = 2 +3090. 152

idgeE uniform distribution on I



Main result (arXiv : 23005792)
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Main result (arXiv : 23005792)

M M
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Main result (arXiv : 23005792)

Converse theorem :

FACTORISATION => COMMUTATION & UNITALITY

M M
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Main result (arXiv : 23005792) E A B ↳
M

-1

Proof ideai I Y

IJ I AB

(1) Apply Choi-Jamiolkowski
S- : I

wu

*

1

↑
isomorphism : ↑ ↑

mein

(2) Use commutation & unitality to show ICAE : B51)s =0
.

(3) Use result of [Haydn , Josza , Petz , Winter , 2004] to show

Sear = Ez Pe SaI JB .

(4) Apply C
.
-J . isomorphism backwards to obtain factorised maps.



ITwoobservations

1) Generalisation to many maps :

2) Insight into Tsirelson's problem :

Instead of [Xia
, Yib] = 0 it is sufficient to have

Ei Yi i = Yib Visib



What's next ?



Theproblem with quantum gravity A B

1 1

H = H+ Hi =
1

M

Can we construct commuting maps ?
I J

Alice Bob

· O
Donnelly

,
Freidel

,
2016



Openquestion : Robust version?
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