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Why F-symbols ?



Fusion Category ei Graphical calculus :

* Finite set of simple objects :
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,
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* Morphisms fia- b
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* Fusion rules : ab = [Nas
C a b

> Fusion spaces : Vas with dim (Vas) = Nas
d d

* F-symbols (associator) : C
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f

F :V A b a b L

a b C
a b C

e u
f

d d



Application 1 : Anyon chains

* One-dimensional lattice model :

a aaa a aL

-- Objects in the category

X

*vertex
Yn -1
+

* Dynamics : Nearest-neighbor interaction

> Projection onto a simple object e : ph =
e

P = (F (Fe
e

--

* Investigate phase transitions < conformal field theories ?



Application 2 : Levin- Wen model

* Two-dimensional lattice model : Qu

Bp

* Dynamics : Vertex operator Qu contains lots of

Plaquette operator Bp
L

F-symbols

* Study of topological phases

* Excitations of the model correspond to objects in the center of the category



Both applications show :

We need explicit data of the fusion categories,
in particular F-symbols

a b C ab

e = (Fot f
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Challenges



Pentagon equation :
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* multivariate polynomial equations up to 3rd order

* thousands of variables + equations



The idea

based on joint work with Daniel Barter and Jacob Bridgeman,

SciPost Physics 13
,

029 (2022)



Morita equivalence class :

* For a bimodule e v MXD : D
2

Rep (Tub(M)) = En = D E

-category of endomorphisms J
of Mover e

A If e and M are unitary =) Z unitary

GOAL : Construct the Category Rep (Tube (M)) and calculate F- symbols

Why is this better ? e
,
M

Rep (Tube (M)) has more structure
V

~ Compute F-symbols via solving linear equations

·

~

Rep (Tube (M)



Tube algebra



Module Category e us M

N

* Simple objects : m
,
n E Ob (M)

,
at Ob(e) : X

m
a

* Associator : n n

e B Labm ~

( P

X M

a m a b m

Pentagon equation :

(2cm(gp(Labpla =[ (Fischz (Lazm/ga (Lcm)zp

conly quadratic polynomials (if F-symbols of e are known



Module tube Category Tube (M)

* Simple objects : Ob (Tube (M)) = &(m,
n) m

,
ne Ob(m)]

* Morphisms : Homtabezus

Im
,
s

, (p , 9)) "half tubes" :
"Em

*

-p

basisin[ nobses
, en

composition : tensor product :
E
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~
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The algorithm



Step 1 : Construct irreducible representations of the module tube algebra

* Mirreducible = Tube (M) Exda-matrix algebra over e

* convenient to find matrix unit basis :

& Leabij 10 i
, j < Da , Leabij (enJus = Ein Sein

X and express them in terms of tube diagrams:(e
, ij =&

* irreducible representation : Vector space + action

Natural choice : Algebra acts on itself

> irrep : Vector space V with basis [Va] :
= Seabio

* irreps US -> simple objects in e
= Xi



Step 2 : Compute fusion rules

* Construct basis for tensor product space

Be Ob(en) : B =10 > [Va] :@ [Vp];
= E

... S objects have
to match

here

~

* decompose into irreps : dim (B) dima dimß

3 8

j

* compute fusion rules: Take generic vector in do0 : v=i

Project onto J using 1 = Glei
NEB = dimension spanned by such projected vectors



Step 3 : Compute embedding matrices

A Map that embeds y into xQB : vi j

L

= dimkoß) x ding matrix

* choose we doß

↓

[erbow =: VX Verivox
Il /

S ... ) = v

* Reshape into 3-tensor of size (dima
, dimB ; dims (



Step 4 : Compute F-symbols
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Linear equation

compare pentagon equation :
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Summary :

1. Find irreducible representations of the tube algebra Tube (M)

Simple objects

2. Compute the decomposition of the tensor product of all irrep pairs

> Fusion rules

3. Form explicit matrices for embeddings , reshape into 3-tensors

4. Solve linear equations to compute F-symbols



Applications



Application : Haayerup Categories

Morita equivalence class :
has multiplicities
F-symbols unknown (previously (

L

N21

-H
Iz M314 multiplicity-free

-
Ils

multiplicity-free
F-symbols known

c construct Rep (Tubp (Man)) = I



Example



Example : Vec(t12x) = Mep(4124)

* Vec([121) : Obj = 50 , 13

do = dn = 1

ab = a + b mod 2

all F-symbols = 1 When allowed

* Module Category Vec : Obj = (x)

dx = E

all L-symbols = 1 when allowed

* Tubvecza) (Vec) :

1 = ( ( ,
+= (5)

Txo Ty = Tx + y modz



Example : Vec(t12x) = Mep(4124)

Step 1 : Find irreducible representations of Tubvec12 (Vech

Tub
Vec (12)

(Vec) = K

[[
1-dim

,
matrix algebras

Matrix units : (en100 = ECTo + T) = E)( + ())
[e4500 = E (To - + ) = t) - G)

Basis for irreps : [U] = [en300 = 1 :

action : [ex] [VB] = Jap[2]
[V] = [en300 = 40



Example : Vec(t12x) = Mep(4124)

Step 2 : Compute Fusion rules

Tensor product basis :

=e)
(e( = e) G
(= e) -G-
neu =e)



Example : Vec(t12x) = Mep(4124)

Step 2 : Compute Fusion rules

Example : ProjectIf into 14:

Cent ([rsecv = e) -0)-

-D
-

-

11 = y +11 (1 = 11 =
1) 11

&
= [V] (Vy] => 104 = 4401 = 4

44 = 1 Rep(D/24)



Example : Vec(t12x) = Mep(4124)

Step 3 : Compute embedding matrices

&

Vi I

X

j

&

4

Example: V =

4 (1-dim. (

1

choose a general vector We 14 : W = c . [V] Q [VP]

Cep] (c . (v] @ (Vy]) = c . [V]@ Vp]

=> V = (wir) . 21 Cisometry (

[ /w = 1



Example : Vec(t12x) = Mep(4124)

Step 4 : Compute F-symbols

4 ↑

1

4
1 = (= (44)414 1

4
1 1

↓
W

Vir Ver
,

44

=>(F ? 44 (41 = V wiwn
We can set all parameters w = 1.

Rep (2/24)
> All allowed F-symbols are equal to 1



Haagerup
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The center

Ongoing work with Jacob Bridgeman and Alexander Hahn



Similar idea : Rep (Tub(e)) = Z(e)
↑

different kint center of e

of tube

Full tubes : ⑳

. m +(abxm) == xxZu
X

N M

b

b

Composition : Put one tube around the other

"G-[... (F-symbole&
i

= We have an algebra ,
so we can do step 1 from the algorithm :

Calculate its irreducible representations to get the simple objects of the center



Step 2 : Calculate fusion rules

> We need a basis for the tensor product space

Why would we

need this ?
Tensor product of two tubes :

W

Option 1 Option 2

was : & & lunsi 1: &9 [Vp] j

a b

Tensur product of two irreps :

basis of the space is formed by C

[[vabi [Vm];: [Vabi-basis of Trep 2.

[Vm];
- basis of irrepp Tensur product of two irreps :

basis of the space is formed by
=> dim (20B) = dimx . dim

& [Vabi
, [Vm];: (vabi-basis of Trep 2.

[Vm];
- basis of irrep

c = ab}
=> dim (20B) dimx . dim



How to get fusion rules
,

e . g. xQB = (

Recall : [er500 ([Vab: 2vm]i)

↓

E ... :...
Can compose

these !

embedding of J into B

What we got : Correct fusion rules for the center of

* Fibonacci

* Vec 12

A Vec S3

Haagerup ? Can't solve it on a laptop..



Step 3 : Compute embedding matrices

A Map that embeds y into xQB : vi j

= dimkoß)

*

x ding matix

* choose we doß

↓

Cerbow =: Vor Vier

dim (B) 3) ... ) = vi
-

dim j
[Va] ; [VB2;

= ECi [VepSi s only works if we treat 29
each of those vectors as

an individual summand ab

C

does not work if* Reshape into 3-tensor of size (dima
, dimp ; dimf) dim (xQB) > dima- dimp



Step 4 : Compute F-symbols How ?
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Additional challenge : Computationally costly to compute embedding matrices


