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1) What is a fusion Category ? > A collection of diagrams we can

do calculations with

2) Why do we Core ? s we can Learn about properlies of
physica theorie,

1
.
What is a fusion Category ?

E -

Def : A fusion Category e over his a k - linear rigid semisimple monoidal

category with finiten Many simple objects and finite - dimensional

morphism spaces such that the Identity Object is Simple .

> translute into diagrams & data

Graphic al representation
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* Fusion ring : a ☒ b = Naisc 4 E Vai
( c- Objle) ↑ ^

fusion multiplicities
a bc-
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Dual Space : Vfb = Horn ( c, a ☒ b)
"

splilting "

don't need labels

Nhnlliplicilies : if Nai c- {913 ,
the Category is

called " multiplicit] - free
"

←
use this from now on !



Special case : Fusion with unit Object a

is always trivial → don't draw Lines
±
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* Duals : For ever,
a
,

there is an a- :
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a ☒ a- = ä ☒ a = 1
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* Semi simple : F-very Object can be written a ä ä a

as a Sun of Simple Object
1

I only need to Worry about simple object, ä ÷ :
:

:da =

:

We're not done yet . . .

Build bigger Vector Spaces :
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How to calculale the F-symbols ? b c

> Save the pentagon eguution (F:
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b c
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If a (or several ) Solutions to the pentagon
equations exists

,
then the fusion Category exists

.

If the F -symbols are unitary ( as matrices )
,
the fusion Category is Unitary.



In summ arg : Fusion Category data : - Simple objects
- Fusion rules

- F-symbols

Example : Fibonacci Category Fib

* Obj (Fis) = { 1. T}

* Fusion rules : 1 C-

1 1 T

T T 1+5

> mullipliütg- free

* F-Symbols : Easy calculalion

Two Solutions : Unitary one ( Fis)

non - unitary one ( Yang - Lee , } two different categoies

2
. Why do we can ?

A) Physics : Descibe the world ( ≤ the laws of nature ) using theoies

Particularby Success tut : (Quantum) field theorie s

But : Ofter diflicult to construct field theory direct]
> lnstead

,
Unstrut discrete Lattice und study Continuous limit

Conduct
Discrete theo

,

"mit

,
Continuous (quantum )Fusion Category '

on a Lattice Feld theory

AD chain Conformal Geld theory
( " Golden Chain " )

ZD Lattice Topologien quantum
(
"

Levin - Wen Model
"

) field theory



B) Topologie at quantum computin with anyons

↑
Unitary Drinfeld Center Unitary Modular tensor

(uuycs,(UFC" fusion Categoies Quantum double
>

categoies

Now: How do we use fusion categories in there applications and what
are typica Problems ?

A) AD Chain from a unitary fusion Category

We need : 1) Hilbert space (set of states)

2) Hamilton: an (dynamics)

an az . . . an
;(unsicher Vector space Vu

an Uz 9} 9mn An
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. draw in a more
X1 ✗
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nie

convenient way
u

a a a asimplifg the chain :
c- Va

" " - a

a
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X
,

✗
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* Basis vectors : IN . . . Xn-z >

given by fusion rules : ×, = a ☒
a

✗ z = Xn ☒ a

:

✗
n-z

= ✗n- ] ☒ a
a

* Inner product given by trace : < Ys . . - Yn.it/n.-xn-z > = a

"

a)( we usually work in a spheical
"

; ;
Category ; unita) ⇒ spherical ? )

Hilbert Space ✓
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Dynamics : Neaest - neighbor interaction : Fusion

a a a
. . .
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( normalization )
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Project onto a specific fusion channel : P
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= e

n da
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a a I a a

Pie
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. Simplify this using

a a a
a a F- Symbols
a aa a ( bring back into

a
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i - " Standard form" )

a
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~ Xz ✗3 . . . ✗
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⇒ Pie' = ( Fxnaa ) (Fma
at Local Mamikonian : H ; = § yep;

"'

× ] Xze
×} e Global Hamilton: an : H = { Hi

i

↑ ↑
need explizit matrices

Dynamics ✓ Sane Hamiltonian
for F- symbols for all I

Now : Do numeics to study Limit n -so of the Chain and get Information about

the coi-cspondingphys.cat theory i

- Does the System exhibit a phase transition ? → sign of CFT

- what Central charge does the CFT have?



Example : Fibonacci chain ( " Golden chain " )

Basis of Hilbert space :
T T T T

Xs = T-0T = 1+5 ( can be 1 ort )

c-' c-

Xz = Xn ⊕ T If Xn = 1 =) Xz = I

X
,

✗
n-2

⇒ 11T .. .
>

/ C- 1 . . .

>

ITI . . - I
not this

#Is on the
>
←

one

f
Outside

Dimension of the chain : ntn 4 5 6 7 8
. . .

dim 2 3 5 8 13 . -

x
T T dimension grows quickly

Project◦ is :
e

Fusion rule : T ☒ [ = 1+5
( recall : n → a)

↳ e-- 1.T

T T

(1) IT)
yay, ERHamiltonian : Hi = 8, P; + 4- Pi

T
infinitely many possibilities ;

All of there are not too bad for which to dose ?

this Shall Category ; n → 240

known
Hi = - D!" → Phase Transition ✓

( = 7110 ( tricritical Ising Model ) } fanÜTFTS ✓Hi = - P;
" '

→ Phase Transition ✓

c-- 415 (Critical 3-state potts Model )

a b c

(F"
" / (✗ , e. ß ,

a b c

✗ •Biggest problem: e.
ß

"

>
(✗ifiß

' )
•
× ,

µ
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* Hilbert space dimension grows
too quickly u

HJ u

( {
- big Category ( more simple object)

[ n → 144 ]
- M" "iplicities ( Large label space, e. → { × , e. ß , }

# simples = 6 n → 30

# simples =3 1- mutt .

n→ 100 (but no
s * can

'

t even Save pentagon equations
E,

condusive
results)



B) Topologisch Quantum Computing

ldea : fusion Outcome

✓ gives result of I I
,

3. Fuse argon,
Computation I I

,

robust against
noise :

to Vacuum iii.2. lmplement ,

gutes via i

> braiding ,

'

i

new Concept ,

'

> UMTC
1. Create anyons ! I

^ ^

Braiding :
b a b a

baij : ✗ ) Fulfil hexagonbaß :

equations
a b ( consistucy of braiding

a b
& F- Symbols)

> This yields a Universal topological quantum Computer
For example : Fibonacci argons can approximate a universal Set of gates

with arbitrage precision

Problem : Even simple gates can be complicatedtoimplementirequiethousa.us
of braiding operations
Fibonacci

anyons have not yet been create in the lab

Find bette Candidatus ?

How to get a UMTC ?

UFC ) UMTC
Drehfeld Center

T
?



← UFC

Drinfeld Center 2-( e )

Object : ( Zis) ,
when 2- c- Objce) ( not Simple ! )

und 2- ✗

✗✗ = lt ✗ c- e
"
halt -braiding

"

X Z

that fulfill a consisthcy Condition similar to pentagon/ equations
hexagon

⇒ Give a unitary modular tensor Category

How to construct it ?

1) Save equations aising from definition → Quickly gets very difficult

2) Levin - Wen Model : Sane ( lots of conplicated equations)

3) Representation, of tube algebra : Maybe ok ?

Taheaway : As a physicist worhing with fusion categoies you Speed a hot

of time trying to Save a huge Set of polynomial equations
in a large humber of variables

.


